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Abstract: This work is devoted to the effective macroscopic dynamics of a 
weakly damped stochastic nonlinear wave equation with a random dynamical 
boundary condition. The white noises arc taken into account not only in the 
model equation defined on a domain perforated with small holes, but also in 
the dynamical boundary condition on the boundaries of the small holes. An 
effective homogenized, macroscopic model is derived in the sense of probability 
distribution, which is a new stochastic wave equation on a unified domain, 
without small holes, with a usual static boundary condition. 
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1 Introduction 



Nonlinear wave equations, as a class of important mathematical models, describe the propa- 
gation of waves in certain systems or media, such as sonic booms, traffic flows, optic devices and 
quantum fields ([331I1D])- In the deterministic case, they have been studied extensively due to 
their wide applications in engineering and science (e.g., [2U1 EH EI] ) • On bounded domains 
or media, the effect of the boundary often needs to be considered. Dirichlet, Neumann and 
Robin boundary conditions are called static boundary conditions, as they are not involved with 
time derivatives of the system state variables. On the contrary, dynamic boundary conditions 
contain time derivatives of the system state variables and arise in many physical problems (see 

HZldFJES]). 

In some physical problems, such as wave propagation through the atmosphere or the ocean, 
due to stochastic force, uncertain parameters, random sources and random boundary conditions, 
the realistic models take the random fluctuation into account [6] I101[T3] . This leads to stochastic 
nonlinear wave equations, which have drawn quite attentions recently [TUl [TT| [151 1231 [2^1 1261 



In this paper, we are concerned with the effective, macroscopic dynamics of the following 
"microscopic" weakly damped stochastic nonlinear wave equation with a random dynamical 
boundary condition on a domain D perforated with small holes 

u £ tt + uf- Au £ + u £ - f(u e ) = Wi in D £ x [0, r*), 

e 2 ^ + 81 + e 2 5 £ = -e 2 u\ + s 2 W 2 on dS £ x [0, r*), . * 

u £ = on dD x [0,r*), { ' ' 

= ondS £ x [0,r*). 

Here e is a small positive parameter, and the domain D £ is a subset of an open bounded domain 
D in M 3 , obtained by removing S £ , the collection of small holes of size e, periodically distributed 
in D. Also, W\ and Wi are two independent Wiener processes. This will be given in details in 
the next section. The symbol r* denotes a stopping time on (0, +oo), and ^ denotes the unit 
outer normal derivative on the boundary dS £ . In particular, in this paper we will only concern 
with the case of the nonlinear term f{u £ ) = sinn e (the Sine-Gordon equation). 



The system (1.1), when the white noises, W±,W2, and the parameter e are absent, arises in 
the modeling of gas dynamics in an open bounded domain D, with points on boundary acting 
like a spring reacting to the excess pressure of the gas (see |16l I25j ). In this deterministic case, 
Beale [31 H] and Mugnolo [27] established the well-posedness and analyzed some properties of the 
spectrum in some special cases. Cousin, Frota and Larkin [p2] studied the global solvability and 
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asymptotic behavior. Frigeri |16j considered large time dynamical behavior. Furthermore, for 



the stochastic system (1.1), when the parameter e are absent, Chen and Zhang [7j investigated 
the long time behavior of the solutions. 

Homogenization plays an important role in understanding multiscale phenomena in material 
science, climate dynamics, chemistry and biology [HI EH]. For the deterministic system defined 
on heterogeneous media, there have been some relevant works for heat conduction \28\ l29[ 135] 
and for wave propagation [9[ [37] . Several authors also considered homogenization problems for 
the random partial differential equations (PDEs with random coefficients) [21\ [3U] and for the 
partial differential equations on randomly heterogeneous domains [5| 1411 14*2] . However, for the 
stochastic partial differential equations (PDEs with white noises), especially for the stochastic 
partial differential equations with random dynamical boundary conditions, due to the effect of 
both nonlinear dynamical boundary condition and the nonclassical fluctuation of driving white 
noises, the study of stochastic homogenization problem is still in its infancy (see [38, 39J). 

Therefore, in this paper, we are especially interested in the stochastic homogenization prob- 



lem of Equation (1.1). Our aim is to establish the effective macroscopic equation of Equation 



(1.1). For this purpose, the key step is to verify the compactness of the solutions in some func- 



tion space for the deterministic systems. But it does not hold for stochastic Equation (1.1). 
Therefore, we will instead consider the tightness of the distributions of the solutions, so that 
the effective macroscopic equation is established in the sense of probability distribution. More 



precisely, we first analyze the microscopic model Equation (1.1) to establish the well-posedness. 
Since the energy relation of this stochastic system does not directly imply the a priori estimate 
of the solutions, we then introduce a pseudo energy argument to infer almost sure boundedness 
of the solutions. Furthermore, we use the a priori estimate to establish the tightness of distri- 
bution of the solutions. Finally, we derive the effective homogenized equation in the sense of 
probability distribution, which is a new stochastic wave equation on a unified domain without 
small holes but with a static boundary condition. The solutions of the original model Equation 



(1.1) converge to those of the effective homogenized equation in probability distribution, as the 
size of small holes e diminishes to zero. 

This paper is organized as follows. In the next section, we will formulate the basic setup 
of the homogenization problem. In section 3, we will prove the well-posedness, almost sure 
boundedness and tightness of distribution of the solutions for the microscopic model Equation 



( 1.1 ). In section 4, we will derive the effective homogenized equation in probability distribution. 
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2 Basic setup of the problem 



Let the physical medium D be an open bounded domain in M 3 with piece-wise smooth 
boundary dD, and let e S (0, 1) be a small real parameter. Denote by Y = [0, l±) x [0, 12) x [0, Z3) 
a representative elementary cell in M 3 and let S be an open subset of Y with smooth boundary 
dS such that S CY. The elementary cell Y and the small cavity of hole S inside it are used to 
model small scale obstacles or heterogeneities in a physical medium D. Define eS = {ey : y G S} 
and S £ k = kZ + eS with kZ = {k%lx, &2^2j ^3^3) an d k = (k\, k2, k%) 6 Z 3 . Let 5 £ be the set of all 
the holes contained in D, i.e., 

Define D e = D\S £ . Then D £ is a periodically perforated domain with holes of the same size as 
period e. Notice that the holes are assumed to have no intersection with the boundary dD, which 
implies that dD e = dD |J dS £ . See Fig{TJ This assumption is only needed to avoid technicalities 
and the results of our paper will remain valid without the assumption [2]. 




Figure 1: Geometric setup in M 3 

In the following, we introduce some other notations. Define Y* = Y\S and v = -jyy, with 
\Y\ and \Y*\ the Lebesgue measure of Y and Y* respectively. Denote the indicator function \ 
as follows 

* (y) = \0, on S, and X{D) = \0, on S £ . 
We also denote u to be the zero extension to the whole domain D for any function u defined on 
the domain D e as follows 

_ _ J n, on D £ , 
U ~ \ 0, on S £ . 
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In addition, let the Wiener processes Wi(t) and W2(t), denned on a complete probability- 
space (£l,J-,P) with the filtration {J-t}t£Ri be the two-sided in time with values in L 2 (D). 
Furthermore, assume that W\{t) and W2[t) are independent and that their covariance operators, 
Qi and Q2, are symmetric nonnegative operators satisfying TrQ\ < +00 and TrQ2 < +00, 
respectively. Their expansions are given as follows 

+00 

Wi(t) = Yl y/aTiPuei, with Qia = au&i, 

8=1 
+OO 

= E \f&2i$uZi, with Qi<Zi = a 2 iei, 
i=l 

where {ej}j g N is an orthonormal bases of L 2 (D), an and «2i are eigenvalues of Qi,Q2 respec- 
tively, and {/3ii}jgN and {/32i}ieN are two sequences of mutually independent (two-sided in time) 
standard scalar Wiener process on the probability space (O, F, IP). 



3 Microscopic Model 



Write Equation (1.1) in the ltd form as follows 



■ u £ — v 



> £ + sin u 6 )dt + dWi 



du £ = v £ dt 
dv e = (Au £ 
d5 £ = 9 £ dt 
d9 £ = {-^6 £ - 5 £ - v £ )dt + dW 2 
u £ = v £ = 0, 

y °t - dn 



in D £ x [0,r*), 
in D £ x [0,r*), 
on dS £ x [0,r*) 
on d,S e x [0,r*) 
on <9L> x [0,t*) 
on d,S e x [0,r*) 



We supplement Equation (3.1) with the initial data 

u £ (o) = u ,v £ (o) = v ,5 £ (o) = s ,e £ (o) = e , 

which are J-o-measurable. 
Now define 



( 10 \ 

A- I -I 

/ 

v -j -j -4iy 



,F £ (U £ 









sin u e 




W x 












^ w 2 / 



Let U £ := (u £ , t> £ , <5 e , 6> £ ) T be in the space 

^ £ : = {U £ e Hl(D E ) x L^(D £ ) x L 2 (dS e ) x L 2 (3S* £ )| ^- = 9 £ on 8S £ }, 



with 



\\ uE \\h^(D«) + IMlig(£>e) 



_L IU e ll 2 1 ||fl||2 

11° Hl 2 ^) Irlli 2 (a5 £ )' 



(3-1) 



(3.2) 
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where H^(D £ ) and L 2 {D £ ) denote the space H 1 (D £ ) and L 2 (D £ ) vanishing on dD, respectively. 
The superscript "T" denotes the transpose for the matrix. 



Thus Equation (3.1)-(3.2) can be rewritten as 



dU £ = A £ U £ dt + F £ (U £ )dt + dW(t), 
U £ (0) = U £ = (u ,v ,5 ,9 ) T . 



(3.3) 



For the Cauchy problem (3.3), it follows from Frigeri [16J that the operator A 6 generates a 
strongly continuous semigroup S £ (t) = {e A£t }t>o on H £ . Then the solution of Equation (3.3) 



can be written in the mild sense 



U £ (t) = S £ (t)U £ (0) + f S £ {t-s)F £ (U £ (s))ds+ f S £ (t 
Jo Jo 



s)dW(s) 



(3.4) 



Furthermore, the variational formulation is 



f De u £ t (pdxdt + Jq J D£ ufipdxdt + L T J Ds \/u £ y ipdxdt + f Q T f DE u £ ipdxdt 
— J Q r f De sin u £ ipdxdt + e 2 J Q T J QSe 5 £ t ipdxdt + e 2 JJ" f dSe 5 £ ipdxdt 
Jo" Sd> Wipdxdt - e 2 J Q T f ds , u £ t (pdxdt + e 2 f Q T J ase W 2 <fidxdt, 



(3.5) 



for any ip G Cg°([0,T*) x D £ ). 

Proposition 3.1 (Local well-posedness) Let the initial datum Uq be a T^-measurable 



random variable with value in rl £ . Then the Cauchy problem (3.3) has a unique local mild 
solution U £ {t) in C([0, r*), H e ), where t* is a stopping time depending on Uq andu. Moreover, 
the mild solution U £ {t) is also a weak solution in the following sense 

{U £ (t)A)u E = {U £ (U)A)u E + f{A £ U £ (s)A)H £ ds+ f{F £ (U £ (s))^) HE ds+ l\dW{s),ct>)H e 

Jo Jo Jo 



(3.6) 



for any t £ [0, r*) and (p 6 T~L e . 

Proof. We first define a cut-off function as follows. For any positive parameter R, let n^{- 
be a positive real valued C°°-function on [0, +oo) such that 



for < s < |, 



VR(S) 



G(0,1), for §<s<R, 

for R < s < +oo. 



Then the truncated system of the Cauchy problem (3.3) is defined as follows 



dU £ = A £ U £ dt + F £ R {U £ )dt + dW(t), 
U £ (0) = Uq, 



(3.7) 



where F £ R {U £ ) = (0, VR(\\U e \\^ ) sin u £ , 0, 0) 
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In the meantime, we easily examine that F R (U £ ) satisfies the sublinear growth and the 
Lipschitz continuity as in Chen and Zhang [TJ. Therefore, according to Theorem 7.4 of Da Prato 



and Zabczyk |13| . the truncated system (3.7) has a unique mild solution U%(t) in T-L £ for each 
fixed positive R. 



Define a stopping time 



T R :=inf{t:||[/l^>-}. 



(3.8 



We have U £ {t) = U R (t) as t < tr. Also from Da Prato and Zabczyk |13j . the path t — > U £ (t) is 
continuous. Let r* = lim tr. Then U £ (t) is the unique local solution of the Cauchy problem 



(3.3) with lifespan r*. Furthermore, applying the stochastic Fubini theorem, it can be verified 



that the local mild solution is also the weak solution. The proof is complete. ■ 

Because the energy relation of this stochastic system does not directly imply the a priori 
estimate of the solutions, we will introduce a pseudo energy argument (see ChowfTT] and Chen 



and Zhang [7]) to establish the a priori estimate of the solutions for the Cauchy problem (3.3). 
Furthermore, applying the a priori estimate, we could obtain the global existence and almost 
sure boundedness of solutions, which further implies the tightness of distribution of solutions. 

For a real parameter r in (0, 1), we define 



v r = v + ru and 



+ r5 e , 



(3.9) 



with (u £ , v e , 5 £ , 9 £ ) T being the solution of the Cauchy problem (3.1)-(3.2). Then the solution 
U £ = (u £ ,v £ ,5 £ ,9 £ ) T G % e satisfies the following equation 



du £ = (v £ — ru £ )dt 



in D £ x [0,t*), 



(Am £ - (1 -r + r 2 )u £ - (1 -r)v £ + sinu £ )dt + dWx in D £ x [0,t*), 



dvi 



d5 £ = {d £ - r5 £ )dt 



on dS £ x [0,r*) 



d9 £ = (-(4y - r)9 £ - (1 - £ + r 2 )5 £ - v £ + ru £ )dt + dW 2 on dS £ x [0, r* 
£ -0 



u = v, 

re du e 

°t - ~dn~ 

u £ (0) = u ,v £ (0) =v + ru := v r0 
{ 5 £ (0) = 5 ,9 £ (0) = 6 + r5 :=9 r0 



on dD x [0,t*), 
on dS £ x [0,r*), 
in D £ , 
on dS £ . 



(3.10) 



Define the pseudo energy functional £ £ (t) of the Cauchy problem (3.3) as follows 

' " " ^(Olligc^) + (1 - r + r 2 )!!^ 
+ ll^(/)ll7,,-,^ + (l 



£ £ {t) := ||<(i)||£ i(De) + || V u £ {t)\\% m + (1 - r + r 2 )\\u £ (t)\\l 2 , DS) 

has*) + a - rS (i)||f w + 4|| cos miluD*) 

+2r{u £ (t),5 £ (t)) L2{9SE) . 



Proposition 3.2 Let the initial data U £ (0) be a J-q -measurable random variable in L 2 (fi, T-L £ 
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Then for any time t G [0, r*) ; we have 

8 £ {t) = £ £ (0) - £[2(1 - r)\\vl\\l 2(De) + 2r \\ V u% 2{DS) + 2r(l - r + r 2 )||u £ || 2 2(Z)E) 
+2(^ - r)||^||| 2( , 5e) + 2(1 - £ + r 2 )r||^[|^ 2(af 
+2r Jq(u £ , sinu 6 ) L 2 {D s)ds + 4r £(u e , 9 £ ) L 2 {9S e)ds - 4r 2 £ £ ) L 2 (as . e) ds (3.11) 

+ £<2<, dW x {s)) Lim + ;*(2^, dW 2 ( S )) L2( ^ £) 
+tTrQi + tTrQ 2 . 

Moreover, 

E£ £ (t) = E£ £ .{0) 

- £[2(1 - r)E||<|| 2 + 2rE|| V « e ||£ W + 2r(l - r + r 2 )E||u e || 2 2(I)£) 

+2(4, - r)E||^|| 2 2(a5e) + 2(1 - £ + r 2 )rE||^|| 2 2(95£) ]& (3.12) 
+2r £ E(u £ , sin u £ ) L 2 {Ds) ds + 4r £ E(u £ , 9f) L ^ as ^ds 
-4r 2 £ E(u e , <5 £ ) L2(a5£) cfe + tTrQ 1 + tTrQ 2 . 



Proof. First, we examine the second equation of (3.10). Put M{vf) := J De \v £ \ 2 dx. Then 
from Ito formula, we deduce that 



M«(i)) = M«(fl)) + jj (M'(i;^), dWi(s)) i 2(£)e) + £ |Tr[M"(^)Qf (Q?)*]cfe (3 13) 
+ £(M'«), (Au £ - (1 - r + r 2 )u e - (1 - r)v £ + sin u £ )) ^^ds, 

with M'(v £ ) = 2V 6 . and M"(v £ ) = 2(p for any in L 2 (D £ ). After some calculations, we get that 
(M'(v £ ), (Au £ - (1 - r + r 2 )u e - (1 - r)< + sinu e )) L 2 (D£) 



,e\\2 



-SHI V «12g(o.) + (1 - r + H)||n £ || 2 2(D£) + 4|| cos \ || 2 2(D£) ] 
-[2r|| V « e [|^ (D .) + Ml " r + r 2 )|M| 2 2(D£) + 2(1 - r)||^|| 2 2(Z)£) ] 

,.£ 9m e \ __ 



(3.14) 



+ 2 ( v r > ) i 2 ) + 2r ' Sil1 ) LI (U« ) • 



It immediately follows from (3.13) and (3.14) that 



K(*)ll£§(D*) + II v^ £ 



+ (1 - r + r 2 )||^(t)|| 2 2(De) + 4|| cos ^||i 2(D£) 
l* m + (1 - r + r 2 )||^(0)[| 2 |(O£) + 4|| cos «|| 2 ?(De) 
£[2(1 - r)||<|| 2 2(D£) + 2r[| V ^\\h e(DS) + 2r(l - r + r 2 )|H| 2 2(Z)£) ]d S 



l"r(0)lli2 (De) + || Vu £ 



(3.15) 



+ 2 Jo( v r, l£)L2(dsc)ds + 2r f*(u £ , sin u £ ) L 2 iD c } ds 
+ J*(2v £ ,dW 1 (s)) L 2 {DS) +tTrQ 1 . 



Second, we examine the fourth equation of (3.10) and M(9 £ ) = J dS£ \6 £ \ 2 dx. Note that 

+ £<M'(0*), - r )0 £ - (1 - £ + r 2 )^ - ^ + r^)) L2(a5e)( i S , 

with M'{6 £ ) = 26 £ and M"(6 £ ) = 2<p for any in L 2 (dS £ ). After some calculations, we conclude 
that 

(M'(6 £ ), (-(£ - r)^ - (1 - ^ + r 2 )<5 £ - u« + ™ e )) L2(aS£) 
= "(1 ~P + ^11*11^ -2(1-^ + r 2 )r\\S £ \\ 2 L2{dsn - 2(4, - 
- 2 (l£> v r)L2(dSc) - 2 r{5 e ,v £ ) L 2 {dS e ) + 2r{6 £ ,u £ ) L 2 {dS e ) . 



(3.17) 
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It follows from Q3.16| ) and ( |3.17[ ) that 



2 

L 2 (95 e ) 
2 

L 2 (<9S £ ) 



ll^lli^ + a 

ir(o)ii! w + (i 

-^[2(1-^ + ^)^11^+2^ _ , 

~ 2 Jo (fiT> v r) L*{dS*)ds - 2r Jo ^ £ > O.L 2 (as £ ) ds + 2r f*(9 £ , u e ) L 2 idS e } ds 
+ J*(29 £ ,dW 2 (s)) LHdS e ) +tTrQ 2 . 



r )\\ d r\\ 2 L 2 {dS z)}ds 



(3.18) 



Thus, from (3.15) and (3.18), we have 



+ II V^WIl! i(D£) + (1 -r + r 2 )||u £ (t)||^ (D£) + ||^(t)||£ 2(aS( 

+(1 



^+OP £ Wlli 2 ^+4||cos^H 2 



K(o)llig ( u«) + I v " 
+(i 

-JJ[2(1 



2 

L 2 (as £ ) 



L 2 (D-) 

+ (1 " r + r 2 )|K(0)||i, (D£) + \\9 £ (Q)\\h {dSe 
+ 4||cos^)||| |(De) 



r v, 



e||2 



2 

L 2 (95 £ ) 



+2(^-r)||^|| 2 w 



l eW + 2r ll V ^llia^j + Ml " r + r')\\u s \\l UD 



2(1 



+ r 2 )r||5 e || 2 2( g 5e) ]d. 



+2r/ (w £ ,sin« £ ) i 2 (jD e)ds - 2r f Q (S £ ,v £ ) L 2 {dS e } ds + 2r f Q (9 £ , u £ ) L 2 {dS e } ds 
+ Jl(2v £ > dW l {s)) Lim +Jl(26 £ ,dW 2 {s)) L 2^ 

Meanwhile, we note that 



(3.19) 



2r(u £ (t),8 £ (t)) L 2 {9s , ) 

2r(u £ (0), 5 £ (0)} L 2 {ass) + 2r f*((u £ ) s , S £ ) L 2 (dss) ds + 2r f*(u £ , (5 £ ) s ) L 2 (dSE) ds 
2r(u £ (0), 5 £ (0)) L 2 (dS£) + 2r f*(v £ , S £ ) L 2 (dsn ds + 2r f*(u £ , 9 £ ) L 2 (dsn ds 
2r(u £ (0),5 £ (0)) L 2 {dS£) + 2rf*(v £ r - ru £ ,5 £ ) v^ds + 2r^(u £ ,9 £ - rd £ ) L 2 {dSe) ds 
2r(u £ (0),5 £ (0)) L 2 (dS£) + 2rf*(v £ ,5 £ ) L 2 {dsn ds + 2r Jj (u £ , 9 £ ) L 2 {dS£) ds 
-4r 2 f*(u £ ,5 £ ) L 2( dSe) ds, 



which implies that 



-2r/d«,5 e )i2 (a5S )ds 

-2r(n^),<5 £ (t)) L2{95£) + 2r(u £ (0),5 £ (0)) L 2 {ds , ) + 2r f*(u £ ,9 £ ) L 2 {dSE) ds (3.20) 
-4r 2 jl{u £ ,5 £ ) L 2 {dsn ds. 



Then it follows from fl3.19| ) and ( |3.20[ ) that ( |3.1lD and ( |3.12[ ) hold. ■ 

Proposition 3.3 Xei i/ie initial datum U £ (0) be a T^-measurable random variable in 
L 2 (r2,% £ ). Then for any time t G [0, r*), and a sufficient small r in (0,1), there exists a 
positive constant C such that 

ct 



n\u e r 



\ e < CE£ £ {0) - C [ [E\\U £ {s)\\ 2 H ^}ds + C[tTrQ 1 + tTrQ 2 + t}. (3.21) 
Jo 



Proof. On the one hand, it follows from the Cauchy inequality and the trace inequality 
that there exists a positive constant Ctj > (here and hereafter Cti denotes the positive 
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constant in the trace inequality) such that 

< rE\\u e mh (dse) + 2rE(u%t),5"(t)) L 2 {dss) + rE\\6< 



< rC^jE\\u £ 



L 2 (dS?) 



£T1(D«) 



+ 2rE(u%t),5 £ (t)) L 2 {ds , )+ rE\\5%t)\\ 2 L2{dS£) , 



which implies that 



E£ r e (t) > E||<(i)|| 2 + (1 - rC 2 TI )E\\ V n £ (t)||i 2(D£) 

+(1 _ r -\ch + r 2 )E\\u%t)\\l l{D£) +E\\em\\l Hds ^ 

r _ r + r 2) E |IX^M|2 



(3.22) 

^Ci — ^ — ^ -k 

On the other hand, it follows from the Holder inequality, the Young inequality and the trace 



inequality that 



E(u £ ,0 £ r ) L 2 {dSE) < E\\u £ \\ L 2 (ds .yE\m\ L 2 (dSs) 

<rn^\\h{ d p+inm\b{da') 

< rC TI E\\u e \\ H ^ De) + ^Pr\\ L 2 {dS ey 



which implies that 



4rE(u s ,9 £ r ) L 2 {dsn <Ar 2 ChnV 



it 



ei|2 



lLf(D*) 



+ 4r^ / E||n £ ||i 2(D£) + E||^||£ 2(a5e) . (3.23) 



At the same time, it follows from the Cauchy inequality and the trace inequality that 

-4r 2 E(n £ ,«5 e ) i2(OS£) < 2r 2 E\\u% 2{dSe) + 2r 2 E\\6^ 2 e) 

< 2r 2 C 2 jE\\ V u £ \\ 2 Ll(D£) + 2r 2 C 2 I E\\u e \\ 2 Ll[DE) + 2r 2 E\\5 e \\ 2 L2{dSe) . 

(3.24) 



+ 2r 2 C| 7 I 

i Cauchy inequality that 

2rE(u e ,sinu e ) i 2( D£ ) < rE||w e ||| 2 p £ j + rE 
<rE\\u% UDn + C. 



Also it follows from the 

+ rE|| sinw £ || 2 2(/:)e) 
i n 



(3.25) 



3.2 and ( [3T23| )- pT25| ) that 



+ i 

Let r be 
min{l - 2r, 1 - SrC^j 



"6 

Notice that £ E (0, 1). Then it follows from Proposition . ,._ , , , .._ . . 

Ef r e (t) < E^(0) - £[2(1 - r)E|H|* + 2r(l - 3rC 2 7 )E|| V ^lligpe) 
+r[l - 2r - 6rC| 7 + 2r 2 ]E||V|| 2 2(D£) 

+ (1 - 2r)E||^||| 2(ase) + 2r(l - r - £ + r 2 )E\\6% 2{dSS) }ds 
+tTrQ 1 + tTrQ 2 + Ct. 

sufficient small in (0, 1) such that 

' •' -12.J, 1 - r - + r 2 , 1 - 2r - QrClr + 2r 

(3.27), there exists a positive constant C such that 

_l_F.ll Ti n,z(+\\\ 2 . _lFIU,"' 



(3.26) 



Therefore, from (3.22), (3.26) and 



■ 2 ,1 -r-rC| 7 + r 2 } > 0. (3.27) 



E||t> £ 



< 



-li 2(D£) +E|| V^WII^pe) +E||n t (t)||^ 2(D£ 
+E||^(t)|| 2 2(95£) +E||^(t)|| 2 W) 
C£ r e (0) - C/ '[E|K(s)|| 2 2(D£) +E|| V « e (s)||£_ (De) 
+E||u e ( S )|| 2 2(7)£) +E||^( £ S )|| 2 2( ^ ) 
+E\\5 e (s)\\ 2 L l {dS£) ]ds + C[tTrQ! + tTrQ 2 + t], 
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which implies (3.21). 



Proposition 3.4 Let the initial datum Uq be a T^-measurable random variable in L 2 (f2, T-L e 



Then the solution U £ (t) of the Cauchy problem (3.3) globally exists in H £ , i.e. r* = +oo almost 
surely. 

Proof. For any given positive To, consider the case that t < t* < To. For any stopping 
time r satisfying r < t* , it follows from Proposition 3.3 and the Gronwall inequality that for 
arbitrary t < r A tr, 

n\U £ r {t)\\ 2 UE < C(T ,TrQ 1 ,TrQ 2 ,E£ £ (0),E\\U £ 



HJ, 



(3.28) 



where tr is defined as (3.8). 



Moreover, we note that from Frigeri [16], for r G (0, |), E||l^||^ £ > ^EHl^H^. Then take 
r 6 (0, sufficiently small such that (3.27) holds. Then for arbitrary t < r A tr, 



mm 



>inum\\L 

>CE[||C7 £ (0||^-x({r fl <To})] 
> CE[f • X ({tr < T })] 
= C-fP{r R <T }, 



(3.29) 



where \ is the indicator function. 



Therefore, from (3.28) and (3.29), we see that 



Htr < T } < 



2C(T , TrQi,TrQ2,E£ £ (0),E\\U £ (0)\\ He ) 
CR 



which implies from the Borel-Cantelli lemma that 

< T } = 0, 



where r* 



lim tr. In other words, we conclude that 

R— >+oo 

P{ T * = 00} = 1. 



(3.30) 



(3.31) 



(3.32) 



Therefore the solution U £ (t) of the Cauchy problem (3.3) globally exists almost surely. This 
completes the proof. ■ 

Proposition 3.5 Let the initial datum Uq be a J-Q-measurable random variable in L 2 (Q, H £ ). 



Then the global solution U £ (t) of the Cauchy problem (3.3) is bounded in H e almost surely. 
Proof. From Proposition 3.4, we know that the solution U £ (t) of the Cauchy problem 



(3.3) globally exists on [0,+oo) almost surely. Therefore, it follows from Proposition 3.3 that 



for arbitrary t £ [0, +00 
d 



dt 



nu £ r(t)\\k + CnU £ r(t)\\k < C[TrQ 1 + TrQ 2 + 1], 
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which immediately implies from the Gronwall inequality that 

E|K e (*)HL < E\\U^(0)\\ 2 n£ e- ct + [TrQ 1 + TrQ 2 + 1](1 - e~ ct ). (3.33) 
Note that for r G (0, |), E||f/ r E ||^ e > |E||C/ e ||^ £ . Thus we take r G (0, §) sufficiently small such 



that (3.27) holds. It then follows from (3.33) that Proposition 3.5 holds. 



Introduce a space 

S e := {C/ e G ^ £ 2 (D e ) x Hl(D £ ) x H 1 (dS £ ) x ff 1 ((95 £ )| ^=fon <9S E }, 

where H 2 (D £ ) and H^(D £ ) denote the space H 2 (D £ ) and H 1 ^ 6 ) vanishing on (9Z), respectively. 
Proposition 3.6 Zei £/ie initial datum Uq be a To-measurable random variable in L 2 (Q, E £ ). 



Then the global solution U £ (t) of the Cauchy problem (3.3) is also bounded in S e almost surely. 



The proof of Proposition 3.6 is similar as Proposition 3.2, Proposition 3.3 and Proposition 
3.5. It is omitted here. 

In the following, for any T > 0, we consider the solution (u £ ,v £ ) T G L 2 (0,T; H^(D £ ) x 
L 2 (D £ )) of Equation dO. Set 



X := H l {D) x L 2 (D), y := L 2 {D) x L 2 (D), Z := H~ 1 (D) x L 2 (D). 

We investigate the behavior of distribution of (u £ , v £ ) T G L 2 (0, T; L 2 (D £ ) x L 2 (D £ )) as e — > 0, 
which needs the tightness of distribution (see p3]). Notice that the function space changes 
with e, which is a difficulty for obtaining the tightness of distributions. Thus we will treat 
{C((u £ , v £ ) T ))} £> o as a collection of distributions on L 2 ((0,T),y) by extending (u £ ,v £ ) T to the 
whole domain D, whose distribution is defined as C((u £ , v £ ) T ){A) = ¥{uj : (u £ (■ , ■ , cu) , v £ (■ , ■ , u)) T G 
A} for the Borel set A G L 2 ((0,T),y). 

Proposition 3.7 (Tightness of distribution) Let the initial datum Uq be a T o -measurable 
random variable in L 2 (Q,TL £ ), which is independent ofW(t) with E||[/q|||^ < oo. Then for any 
T>0, £({u £ ,v £ ) T ), the distribution of(u £ ,v £ ) T , is tight in L 2 ((0, T),y) f] C((0, T),Z). 

Proof. Firstly, we claim that (u £ ,v £ ) T is bounded almost surely in 
G := L 2 {0, T; X) f](W lfl (0, T; Z) + W aA (0, T; y)), 
where W l,2 (0,T; Z) is a Banach space endowed with the norm 

IMIw/i,2(o,T;-Z) = y\\l*(o,T;Z) + \\^\\h(o,T;Z) < 00 > v f ^ W 1,2 (0,T; 2), 
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and W a,4 (0, T; y) is another Banach space with a G (4, i) endowed with the norm 



By Proposition 3.5, we know that (u £ ,v £ ) T is bounded in L 2 (0, T; X) almost surely. There- 
fore, in the following, we only need to prove that (u £ ,v £ ) T is bounded in W l,2 (0,T; Z) + 
W a ' 4 (0,T;y) almost surely. 

Denote by P the projection operator from U £ to (u £ ,v £ ) T , i.e., PU e = (u £ ,v e ) T . Write 



Equation (3.3) as 

U £ (t) = U £ {0) + [ t A £ U £ (T)dT+ f F £ (U £ (T))dT+ f dW( 
Jo Jo Jo 



Then 



Denote 



and 



PU £ (t) = PU £ (0) + [ [PA £ U £ (t) + PF £ (U £ (T))]dT + I PdW(r). (3.34) 
Jo Jo 

h := [ [PA £ U £ (T)+PF £ (U £ (T))]dT, (3.35) 
Jo 

I 2 ■- f PdW(r). (3.36) 
Jo 



10 

For Ji, it follows from Proposition 3.5 and Proposition 3.6 that 

E ll jfl ll| 2 (0,T;.Z) 

= E ffWhW&dr 

= E | T || J T [PA £ U £ (s) + PF £ (U £ (s))}ds\\ldr 

< E / r [|| J T v*(s)ds\\ 2 H _ 1{D) + || f T [Au £ (s) - u £ (s) - v £ (s) + smu £ ( S )}d S \\l HD) }dT (3.37) 

< E/ T [/; \\v £ (s)\\l 2(D) ds + fi[\\ A u £ {s)\\l 2[D) + \\u £ (s)\\l 2{D) 



M\v%s)\\ 2 L2{D) + \\u £ (s)\\ 2 L2{D) ]ds]d 



T 



< Or, 
and 



■m\\dh ii2 

^ di llL 2 (0,T;^) 



= EjJ\\PA £ U £ (T) + PF £ (U £ (T))\\ 2 z dT 

< EfJ[\\v £ (T)\\ 2 H _ 1(D) + \\Au £ (T)-u £ (T)-v £ (T) + smu £ (r)\\ 2 L2(D) }dT (3.38) 

< E/ T [||^(r)||i 2(Z3) + || A u £ {r)\\ 2 L2{D) + \\u £ (r)\\ 2 L2{D) 
+ \\v e (r)\\ 2 L2{D) + \\u £ (T)\\ 2 L2{D) }dr 

< C T - 
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Here and hereafter, Ct denotes various positive constants depending on the given T > 0. Then 



combining (3.37) and (3.38), we deduce that 

Ell Jl II u;l.2/n rp. ^ = E||/l 



,dl 



lIlH/ 1 ' 2 ^;^) - ]rL ll J lllL 2 (0,T;.Z) + E H ~^ \\h(0,T;Z) - C T- (3.39) 

Now we consider I 2 . Put M £ (s,t) = J^dW(r). Then using the Burkholder-Davis-Gundy 
inequality and the Holder inequality, we have 

E\\PM £ (s,t)\\ y =nilPdW{r% 



=nr s dw 1 (r)\\t 2{D) 

<CE(r s *TrQidr) 2 
<Cnil^dr- JliTrQ^dr) 
< C{t-s) 2 . 



Thus, it follows from (3.40) that 



E ll- f ' 2 ]li 4 (o,T;y) 



Also, for a G (\, 5), by (3.40), we have 

pT (-T \\Ht)-Hs)\\y 



E Jo Jo n jr s p:r dsdt = e^j 



= Ef^\\I 2 \\ y dt 

= Ejl\\jlPdW{r)t y dt 

= Ej^\\PAd £ (0,t)\\ y dt 

< ; T c(t - o)*dt 



T rT \\PM £ (0,t)-PM s (0,s) 



\t-s\ 1 + 4a 

T f T \\PM'(.,t)\\i HqHt 
| t _ s |l+4a 



'-dsdt 



=*sift 

^ rT rT C{t-s) 2 , r, 

S Jo Jo ^_ s )i+4 Q asdt 

<^/o T /c fit-s^dsdt 
< Ct. 



Therefore, it follows from (3.41) and (3.42) that for arbitrary a 6 (|, g); 



./0 



Whit) - h(s)\\y 

\t-s\ 1+ia 



dsdt < Ct. 



(3.40) 



(3-41) 



(3.42) 



(3.43) 



Immediately from (3.34)-(3.36), (3.39)and (3.43), we obtain that (u £ ,v £ ) T is bounded in W 1,2 (0, T; 
W a ' (0, T; y) almost surely, which completes the verification of the claim that (u £ ,v £ ) T is 
bounded almost surely in G = L 2 (0, T; X) [\(W^ 2 {Q, T; Z) + W a ' 4 (0, T; y)). 

By the Chebyshev inequality, we see that for any p > 0, there exists a bounded set K p C G 
such that F{(u £ ,v £ ) T 6 K p } > 1 — p. Moreover, notice that 

L 2 (0, T; X) f| H^' 2 (0, T; Z) C L 2 (0, T; y) f| C(0, T; Z), 
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and for a G (|, \), 

L 2 (0, T; *) f| W a >\0, T; C L 2 (0, T; 3?) f| C(0, T; Z). 

We conclude that if p is compact in L 2 (0, T; y) f] C(0, T; Z). Thus £((u E ,u e ) T ) is tight in 
L 2 (0,T;y)f]C(0,T;Z). U 

4 Effective Model 

In this section, we will use the two-scale method to derive the effective homogenized equation 



of Equation (1.1), in the sense of probability distribution. The solutions of the microscopic 



model Equation (1.1) converge to those of the effective homogenized equation in probability 



distribution, as the size of small holes e diminishes to zero. The main result is as follows. 

Theorem 4.1 (Homogenized model) Let (u £ ,5 £ ) T be the solution of Equation (1.1). 



Then for any T > 0, the distribution C(u £ ) converges weakly to in L 2 (0,T; L 2 {D)) as e — > 0, 
with ii being the distribution of the solution V of the following homogenizied equation 

V tt (t,x) + Vt(t,x)-v- 1 div x A*(s7 x V(t,x)) + V(t,x)-sm(V(t,x)) =vW x , on D 
V(t,sc) = 0, on dD 
V(0,x) = ^, V t (0,x) = v f, on D, 

(4.1) 



where the effective matrix A* = (-A*,-) given by (4-21), uq andvo are the initial data supplemented 

\y\ 



in Equation (3.2), and the constant v = jy)- with \Y\ and \Y*\ the Lebesgue measure ofY and 



Y* respectively. 



In the following, we will prove Theorem 4.1. We first provide some preliminaries. We will 
denote by C^ r (Y) the space of infinitely differentiable functions in M 3 that are periodic in Y. 
We also denote L 2 per (Y) or Hp er (Y) the completion of C^ r (Y) in the usual norm of L 2 (Y) or 
H l (Y), respectively. In addition, we denote Dt = [0, T] x D. 

Definition 4.1-^- A sequence of functions u e (t,x) in L 2 (Dt) is called to be two-scale con- 
vergent to a limit u(t,x,y) G L 2 {Dt x Y), if for any function ip(x,y) G (Dt , C^ r ) , 

lim / u £ (t,x)(f(t,x, —)dxdt = —— [ [ u(t,x,y)tf(t,x,y)dydxdt, 
£->°Jd t e \Y\Jd t Jy 

which is denoted by u £ 2 ~ s > u. 

Lemma 4.lQ3 Let u £ be a bounded sequence in L 2 (Dt). Then there exists a function 
u G L (Dt x Y) and a subsequence u £k — > as k —> oo such that u £k > u. 
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Lemma 4.2 ^ If u £ 2 s > u, then u £ — u(t, x) = r^r J Y u (t, x , y)dy- 

Lemma 4.3^ Let v £ be a sequence in L 2 (Dt) that two-scale converges to a limit v(x, y) £ 
L (Dt x Y). Further assume that 

lim / \v £ (t, x)\ 2 dxdt = — — - [ [ \v(t, x,y)\ 2 dydxdt. 
^°Jd t \ y \Jd t Jy 

Then for any sequence u £ £ L 2 (Dt), which two-scale converges to a limit u 6 L 2 (Dt x Y), we 



have 

u £ v e — v / u(-, -,y)v(-, -,y)dy, as e — > in L a (Dt). 
'y 



\Y\ 



Lemma 4.4E Let u £ be a sequence of functions defined on [0,T] x D £ which is bounded 
in L 2 (0,T]Hl(D e )). There exists u(t,x) £ H^(D T ), ui{t,x,y) £ L 2 (D T ; H^ er (Y)) and a subse- 
quence u £k with £k — > as k — )• oo, such that 



and 



2—s 

u £k (t, x) > x(Y)u(t, x), k — > oo, 



S/ X u £k -^-4 x(Y)[\7xu(t,x) + \/ y ui(t,x,y)), k 



oo, 



where x(Y) * s the indicator function as defined in Section 2. 

For h € H^ 1 / 2 (dS) and ^-periodic, define A/j := ^ J ds h(x)dx. Also, for h £ L 2 (dS) and 
y-periodic, define A^ £ H~ l (D) as (X £ h ,if) H -i = e J dSe h(j)ip(x)dx with any ip £ Hq(D). 

Lemma 4.5^3 L e t ip £ be a sequence in Hq(D) such that ip £ — (p in Hq(D) as e — > 0. 
Then 

{X £ h ,ip £ \ D e) — > X h / ipdx, as e -)■ 0. 



Lemma 4.6 (Prohorov Theorem) El Suppose M is a separable Banach space. The set 
of probability measures {C(X n )} n on (A4,B(Ai)) is relatively compact if and only if {X n } is 
tight. 

Lemma 4.7 (Skorohod Theorem)E] p or an arbitrary sequence of Probability measures 
{/i n } on (Ai, B{M)) weakly converges to probability measures fi, there exists a probability space 
(f2, J 7 , P) and random variables, X, X\, X2, ■ ■ ■ , X n , ■ ■ ■ such that X n distributes as fi n and X 
distributes as fi and lim X n = X , F-a.s. 

n— »oo 
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Proof of Theorem 4.1. 



Let (u £ , 5 £ ) T be the solution of Equation ( 1.1 ). On the one hand, as in |39j . by the proof of 
Proposition 3.7, for any p > 0, there is a bounded set K p C G which is compact in L 2 (0, T',y) 
such that P{(u £ , v £ ) T G K p } > 1 — p. According to Lemma 4.6 and Lemma 4.7, we know that for 
any sequence with ej — > as j — > oo, there exists a subsequence }fc=i°> random 

variables {(< fW ,< K&) ) T } C L 2 (0,T; L 2 (D £ ) x L 2 (D £ )) and (u*,^) T £ L 2 (0,T;^) defined on 
a new probability space (0*, J 7 *, P*), such that for almost all w G $7*, 

£((n? (fc) ,^ (fc) ) T ) = £{(u £ iw,v £ ^f), 

and 

(< jW ,< j(fc) ) T — > (u„v,) T in L 2 (0,T;^) as A; -> oo. (4.2) 
In the meantime, tv' 1 * ) T solves 

f dP[/ £ = PA £ U £ dt + PF £ {U £ )dt + PdW(t), 
\ PC/ £ (0) = P£/ , 

with W being replaced by a Wiener process W*, defined on the probability space (fi*, J-"*,P*) 
but with the same distributions as W. Here P is the projection operator from U £ to (u £ ,v £ ) T 
as defined in the proof of Proposition 3.7. 

On the other hand, for u £ in the set K p , it follows from Lemma 4.1 and Lemma 4.4 that 
there exist u(t,x) G Hq(Dx) and ui(t, x,y) £ L 2 (Dx , Hp er (Y)) such that 

u £k (t,x) x(X)u(t,x), k^oo, (4.3) 



and 



S7xU £k x(Y)[\7xu(t,x) + \7 y u 1 (t,x,y)], k -»• oo. (4.4) 



Furthermore, from Lemma 4.2, it follows that 

u £k (t,x)^ ^ j X (Y)u{t,x)dy = -^- I X (Y)dy-u(t,x) = vu(t,x), in L a (i>r), 



p I Jy ' ^ ' ' \Y\jy 
which from the compactness of immediately implies that 

u £k (t,x) — >uu(t,x), in L 2 (D T ). (4.5) 



Then combining the relationship of u £ and v £ , (4.2) and (4.5), we have 



u* = z^ii and v* = vut- (4-6) 
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Now, in the probability space (Q,F,P), we put Cl p = {uj E SI : u £ {uj) G i^p}, .Fp = {FP|O p : 
F G J 7 }, and Pp(-F) = ^(Q-j^, f° r F £ Then (Q p ,F p , F p ) forms a new probability space, 
whose expectation operator is denoted by E p . In the following, we will work in the probability 
space (O p , Fp,P p ) in stead of (f2, F, P). 



In Equation (3.5), we choose the test function (p as ip £ (t,x) = (p(t,x) + e$(t,x, -) with 



<£(t,a:) € C^(D T ) and $(t,a;,y) G C$°(D T ; C™ r {Y)). Also, we notice that (4.5) and x(D 
in L°°(D). Then we have 

So Id- uft^dxdt 



So Id- u ttW, x) + x, ^)}dxdt 



-Jo JdsK^(*' x ) + £)]dxdt 
lo Id- [ uE< ht(t, x ) + £u £ $ tt (t, x, f)\dxdt 
Iq I D [u £ (t>tt{t,x) + Eu e <§> tt {t,x, ^)}dxdt 



Jo^ Id ^ u (*> ^fatit, x)dxdt 
Jo J'E> l/ utt(t,x)(j)(t,x)dxdt, as e — )■ 0, 

/<?" /p« u f [<K*> x ) + x > j)}dxdt 
~ k lD^ e( t>t{t,x) + eu £ <f> t (t,x, ^)}dxdt 
~ lo Jr>[" e< M*> x) + £ii £ <5>t(t, x, f)]dxdt 
lo Id vu^, x)<f>t(t, x)dxdt 



Io T Id- u £ tf e dxdt 



Jq T J d fut(t, x)(f)(t, x)dxdt, 



as e 



0, 



and 



L f De u E (p £ dxdt = J T f DE u £ [(f)(t,x) + e<fr(t,x, *)]dxdt 
= J T j D [u £ <t){t,x)+eu £ <5>{t,x^ £ )]dxdt 



lo lD l/ u(t,x)(j)(t,x)dxdt, 



as 



0. 



For ip £ , we have 



2-s 



\7x(/)(t, x) + £ \/ x X, § ) 

Va^O,^) + S7y®{t,X,y) 

> S/ X (j)(t,x) + x/ y $(t,x,y), as e 



0. 



and 



lim J | ip £ \ 2 dxdt = lim /„ | Vz <£(*,z) + e XJx $(t,x, ^)\ 2 dxdt 

= IFf/or/y I Vx <f>(t,x) + X7y<S>(t,x,y)\ 2 dydxdt. 

Then it follows from ( |4.4[ ), ( |4.10[ ),( [4~TT| ) and Lemma 4.3 that 

Iq T Id- V"" £ V ¥ £ dxdt 
= Iq I D eVx^ Vx [</>{t, x) + x, ^)}dxdt 
= /(f Id VxU e [Vx<l>{tix) + \7 y <S>(t,x,y)]dxdt 

~* lo Id \Y~\ Iy x(Y)[\7xu(t,x) + sj y ui{t,x,y)][\/ x ^{t,x) + \/ y <&(t,x,y)}dydxdt 



|F| Io T Id Iy* [Vxu(t, x) + \j y ui (t, x, y)] [\7x<t>(t, x) + \J y <5>{t, x, y)]dydxdt, 



(4.7) 



(4.8) 



(4.9) 



(4.10) 



(4.11) 



as e 



-> 0. 
(4.12) 
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From (4.5) and note that sin-u is continuous and satisfies the global Lipshitz condition with 
respective to u, we have 

fo Jd e sm.u £ ^ £ dxdt = J Q T f D<s s'mu £ [(p(t, x) + £$>(t, x, ^)]dxdt 

= f{F f D [sinu £ 4>(t,x) + e sin u £ $(t,x,^)]dxdt (4.13) 

— > Jq J d sin(z/u(t, x))<p(t, x)dxdt, as e — > 0. 

Also realize that 

Jo fjj. Wif £ dxdt = J T fjj. Wi [4>{t, x) + e$(i, x, §)]dxdt 

= I^j D [x{D £ )(t ) {t,x)+ex{D £ )<$>(t,x^ e )]dxdW l {t) (4.14) 
~~ > fo fi) l/ (p(t,x)dxdWi(t), as e — > 0. 

Moreover, from Proposition 3.6 and Lemma 4.5, we have 

£<2 fo Jas* 5 ttV e dxdt = -e 2 fa f dgs 5ftp £ t dxdt 



- £ fdsc £ -fo 6 £ Wtdtdx , 415) 

-e(\ £ 1 ,tfe £ <p £ t dt\ D .) 

0, as e — > 0, 



.2 rT 



fo f dS eS £ (p £ dxdt 



= e J aSe e ■ f Q 5 £ tp £ dtdx 
= e(Af,/ T 5 £ <p £ dt\ D s) 
— >■ 0, as £ — > 0, 



(4.16) 



e2 fo fas- u £ t ip £ dxdt 



—e f 9Se e ■ f Q u £ (p £ dtdx 
-e(Af,/ T 'u £ tp £ dt\ D .) 
0, as e — > 0, 



and 



e 2 f^ f aS e W 2 (p E dxdt = e j dse £ ■ J J </? £ cW 2 (*)d:c 



e(Af J T ^W 2 (0|De) 
0, as £ — > 0. 



(4.17) 



(4.18) 



Therefore, from (3.5), dO)-(4.9), (4J2}-d4TT8), as e -»• 0, we have 



/ Q T j^, vuu(t, x)(j)(t, x)dxdt + J Q T f D uut(t, x)<f)(t, x)dxdt 

+ W^fo Jd Jy* [VaM*, x ) + Vy u i(t, x , v)) [Vx<j>{t, x) + Vi/*(*> y)]dydxdt 

+ J i/it(t, x)4>(t, x)dxdt — J Q j D sm(vu(t, x))cp(t, x)dxdt 

= fo f D v<f(t,x)dxdWi(t), 



which implies that 



J vutt{t, x) + vut(t, x) — div x A{x/ x u{t, x)) + uu(t, x) — sm(uu(t, x)) = vW\, 

I d(\7 x uit,x) + \7yU-l_{t,X,y)) _ q ^ rjy* _ 

where m is the unit exterior norm vector on dY* — dY and 



(4.19) 



A(\7 x u(t, x)) = [\7 x u(t, x) + Vy«i(*> ^ !/)]%) 
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with u\ satisfying for any G Hq(Dt; Hp er (Y)) , 



f Y » [Vxu(t, x) + X/yUi (t, x, y)] S7y ^dy = 0, 
u\ is Y — periodic. 



(4.20) 



Especially notice that Equation (4.20) has a unique solution for any given u(t,x), which im- 
plies that A{\/ X u{t, x)) is well-defined. Please refer to [H] about the further properties of 
A(xj x u(t, x)). Furthermore, from the classic theory of stochastic partial differential equation, 



the problem (4.19) is well-posed. 



In addition, from the classical homogenization theory (see [HI [18] ) , we have 

3 

* a 

dxi 



ut(t, x,y) = 22 —^z — ( w i(y) - e i(y)) 



i=l 



where {ej}? =1 is the canonical basis of M 3 and Wi is the solution of the following elementary cell 
problem 

A y w l (y) = 0, in Y* , 
Wi — eiy is Y — periodic, 
^ = on dS. 

Then A\/ u = A* XJ u, with A* = (A*j) being the classical homogenized matrix defined as 



A* 



1 

111 



Wi(y)wj(y)dy. 



(4.21) 



y * 



Then define V(t,x) = uu(t,x). Combining (4.6) and (4.19), we know that Theorem 4.1 
holds. The proof is thus complete. ■ 



Remark 4.1 By the classic stochastic partial differential equation theory, Equation (4-1) 
is well-posed. Here, we omit its proof. 
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